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Complex models

nowadays, complex, highly detailed models can relatively
easily be obtained (using a laser range scanner, for example)
often these models are too complex for

the application
the computer's resources
the desired level of detail
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Example: Michelangelo's David

a 7 meter high statue scanned
at 0.29mm resolution

2 billion polygons (2 � 109)

Stanford computer graphics group, 2000
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A polygon's projected size

Jim Clark, 1976:
\ It makes no sense to use 500 polygons in describing an object if
it covers only 20 raster units of the display ... For example, when
we view the human body from a very large distance, we might need
to present only specks for the eyes, or perhaps just a block for the
head, totally eliminating the eyes from consideration ..."
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Example: Level Of Detail for games
\g uard" , comes in 3 levels of detail (340, 528, and 739 polygons)

www.turbosquid.com
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Example: Level Of Detail test

They all look exactly the same! (right?)
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Example: Level Of Detail test
They all look exactly the same! (right?)

image c/ o Jonathan Cohen
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Simpli�c ation Applications

appropriate level of detail and/ or realism

progressive transmission across networks

multi resolution editing

multi resolution collision detection

selective re� nement (local variations of level of detail)

3D Modelling Lecture 9: Simpli� cat ion and Level Of Detail

Int roduct ion
Case studies

Other methods

Mot ivat ion
Examples
Approach

So now what?
General approach:
start with the highest resolution model, then simplify
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Classi�c ation of methods

Simpli� cation methods may be classi� ed by:

1 basic operation(s)
2 types of meshes they can handle
3 preservation of properties (e.g. topology)
4 way the error approximation is computed

The type of basic operation usually determines 2 and 3.
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Example basic operations

Basic operations are typically applied to small elements, e.g.:

removing a vertex

replacing a cluster of vertices by a single one

contracting an edge
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Case study I

\ Decimation of Triangle M eshes"

W.J. Schroeder, J.A. Zarge, W.E. Lorensen
1992
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Terminology

decimation
\ a form of collective punishment in the Roman army, whereby

every tenth man in a mutinous or demoralised party of soldiers
was executed"
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Goals

reduce the number of triangles

preserve original topology (and non-manifold meshes are
supported!)

should result in a good geometric approximation
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Method outline

A single pass, for all vertices:

characterize the local vertex geometry and topology

evaluate the decimation criteria

remove the \ best" vertex

triangulate the result ing hole

repeat until termination criterion is met (for example, 10% of the
original number of vertices is left)
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1. Characterize local geometry and topology

A vertex can be one of �v e types:

1 simple: surrounded by a complete cycle of triangles, and each
incident edge is adjacent to exactly two triangles

2 boundary: surrounded by a \ semi-cycle"
3 complex: if a surrounding edge is shared by not exactly two

triangles, or the vertex is used by a triangle not in the cycle
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1. Characterize local geometry and topology

A simple vertex can be further classi� ed as interior or corner,
based on local geometry:
if the dihedral angle between adjacent triangles larger than a
speci� ed feature angle, then its shared edge is a feature edge

5 interior: if the vertex is incident to two feature edges
6 corner: if the vertex is incident to one, three, or more feature

edges
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1. Characterize local geometry and topology
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2. Evaluate the decimation criteria

This is to determine if the vertex can be deleted.

For simple vertices: compute the distance to an \ average plane" .
Construct this plane using triangle normals ni , centers xi , and
areas Ai :

N =
P

ni AiP
Ai

(average normal, weighed by area)

n = N
jNj

(normalize the normal)

x =
P

xi AiP
Ai

(average center, weighed by area)
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2. Evaluate the decimation criteria

The distance then is: d = jn � (v � x)j
If this distance is less than a certain threshold,
then v can be deleted
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2. Evaluate the decimation criteria
For boundary and interior edges: compute the distance to an edge

Complex vertices are not deleted (t his would change the
topology)

Corner vertices are \ usually not deleted"
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3. Remove the \ best" vertex
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4. Retriangulate the resulting hole: simple vertex
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4. Retriangulate the resulting holes: interior edge vertex
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Results
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Evaluation

bett er than simple averaging (no blurring)

topology preservation can be a limitation (for meshes with
\ noisy topology")

tricky to keep track of the mesh topology
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Case study II

\ Progressive M eshes"

Hugues Hoppe
1996
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Method outline

create progressively simples meshes using edge collapses

an edge collapse is invertible, this is called a vertex split

Mn is the � nest mesh, M0 the coarsest
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Edge collapse

collapses vs and vt into a single vertex vs

vt and the triangles f vl ; vs; vt g and f vs; vr ; vt g disappear
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Progressive Mesh representation

represent the � nest mesh Mn as the combination of the coarsest
mesh M0 and a sequence of vertex splits

Example

! from 13,546 faces to 150 faces using 6,698 edge collapses
so compression comes as a bonus feature (because the vertex
splits can be encoded e� ciently)
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Mesh Attributes

slide c/ o Hugues Hoppe
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Mesh Attributes

discrete att ributes (e.g. material identi� er)

scalar att ributes (e.g. di� use color, normal, texture
coordinates) (often associated with a corner, i.e. a (vertex, face)

combination)

An edge is said to be sharp if
1 it is a boundary edge
2 its two adjacent faces have di� erent discrete att ributes
3 its two corners have di� erent scalar att ributes
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Mesh Attributes
an example of sharp edges because of di� erent scalar att ributes:
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Which edge to collapse?

Many options:

random

\ distance to plane" metric of Schroeder et al.

optimal w.r.t. an appearance metric

...
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Which edge to collapse?

A simple metric (described in Watt & Policarpo):

edge cost = jv1� v2j
jn1�n2j

Which edge will be collapsed � rst?
Answer: the right one, because their normals have a smaller angle
between them, so their dot product (= cos(angle)) will be larger
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Which edge to collapse?

A more complex approach is used by Hoppe
the problem is cast as an energy minimisation problem

The \ energy" of a mesh M is de� ned as:

E(M) = Edist (M) + Espring (M) + Escalar (M) + Edisc(M)

Edist and Espring measure geometric error

Escalar measures appearance error

Edisc measures discontinuity error (i.e. changes in \ sharp"
edges)
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General approach

sort legal edge collapses by energy cost � E

legal are only the collapses that do not change the topology

after each collapse, recompute the � E of edges in the
neighbourhood

! � E is computed by solving a continous optimization over all
new possible vertex positions and new scalar att ributes
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Preserving surface geometry

Edist + Espring

Edist (M) =
P

i d(xi ; M)2

sum of squared distances from all vertices to the mesh
(when a vertex is removed this tends to increase)

Espring (M) =
P

� jjvj � vk jj2

spring energy term that assists (regularizes) the optimisation,
equivalent to placing on each edge a spring of rest length zero
and spring constant �
(� can become smaller as the simpli� cation progresses)
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Preserving scalar attributes

Escalar (M) measures the accuracy of the mesh's scalar att ributes
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Preserving discontinuities

Edisc(M) measures the accuracy of the mesh's discontinuity curves
! if an edge collapse would modify the topology of discontinuity
curves, either disallow it or penalize it
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Preserving discontinuities

Edisc(M) measures the accuracy of the mesh's discontinuity curves
! if an edge collapse would modify the topology of discontinuity
curves, either disallow it or penalize it

here (vl ; vs) and (vs; vr ) are sharp edges, so this edge collapse
would modify the topology
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Results
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Evaluation

simple basic operation

stil l requires keeping track of mesh topology

incorporates appearance information

added bene� t: compression

smooth transition between di� erent meshes in the hierarchy
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Case study III

\ Surface Simpli�cat ion Using Quadric Error M etrics"

Michael Garland, Paul S. Heckbert,
1997
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Goals

reduce the number of triangles

original topology need not be maintained

should result in a good geometric approximation
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Method outline

iteratively contract vertex pairs
(a generalization of edge contraction)

as the algorithm proceeds, a geometric error approximation is
maintained at each vertex of the model which is represented
using quadric matrices

the algorithm proceeds unti l the simpli� cation goals are
satis� ed
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Pair contraction
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Pair contraction advantages

This achieves aggregat ion, which can join previously unconnected
regions of the model together

As a result , the algorithm is less sensit ive to the mesh connectivity
of the original model
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Pair contraction, example
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Pair selection

Select the set of \v alid pairs" at initialization time

A pair (v1; v2) is a valid pair for contraction if either:

(v1; v2) is an edge, or

jv1 � v2j < t , where t is a threshold parameter

Initially, each vertex is associated with the set of pairs of which it
is a member. After performing the contraction (v1; v2) ! v1:

v1 acquires all the edges that were linked to v2

merge the set of pairs from v2 into the set of v1 and remove
duplicate pairs
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Approximating error

! each vertex is the solution of the intersection of a set of planes

de� ne the error of removing a vertex v as the sum of squared
distances from v to all these planes
(note the di� erence with the distance to an \a verage plane" from Schroeder's
method)
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Vertex to plane distance
Recall:
Given a plane equation P = nx + d = 0, the distance from a point
v to P is given by the length of the projection of (v � p0) (with
p0 = (x0; y0; z0) a point on the plane) onto the normal:
j(v � p0) � nj
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Vertex to plane distance

let n = (a; b; c), then the plane equation is
P = nx + d = ax + by + cz + d = 0

Exercise:

! Show, by substit uting n, v, and p0 in the plane equation, that
the distance � = j(v � p0) � nj equals jnv + dj
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Vertex to plane distance

the distance � = j(v � p0) � nj, given v = (x; y; z):

= ja(x � x0) + b(y � y0) + c(z � z0)j

= jax � ax0 + by � by0 + cz � cz0j

= jax + by + cz � ax0 � by0 � cz0j

= jax + by + cz + dj

(in the last step, we added ax0 + by0 + cz0 + d, which is = 0 because p0 is a
point in plane P)
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Vertex to plane distance

= jax + by + cz + dj = jnv + dj

let v = (x; y; z; 1) and p = (a; b; c; d),
then the distance � = pT � v = pT v

so the distance squared is (pT v)2

and the sum of squared distances � (v) to all planes:

� (v) =
P

p2 planes(v) (p
T v)2

=
P

p2 planes(v) (v
T p)(pT v)

=
P

p2 planes(v) vT (ppT )v

= vT (
P

p2 planes(v) ppT )v
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Vertex to plane distance

ppT is simply a squared matrix:

0

B
B
@

a2 ab ac ad
ab b2 bc bd
ac bc c2 cd
ad bd cd d2

1

C
C
A

we call the sum of all these ppT matrices Q, so:

� (v) = vT (Q)v
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Method outline

The method outline we saw a few slides ago:

iteratively contract vertex pairs
(a generalization of edge contraction)

as the algorithm proceeds, a geometric error approximation is
maintained at each vertex of the model which is represented
using quadric matrices: th is is the matrix Q

the algorithm proceeds unti l the simpli� cation goals are
satis� ed
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Method outline

compute the Q matrices for all initial vertices

select all valid pairs and compute the cost of the contraction
target v0 for each

the Q matrix of the new vertex v0 is approximated by Q1+ Q2

order pairs by cost

iteratively remove the least cost pair (v1; v2), contract it , and
update costs for all valid pairs involving v1 and v2
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Contraction target Q matrix

the Q matrix of the new vertex v0 is approximated by Q1+ Q2

instead of computing a new Q matrix for
planes(v1) [ planes(v2)

so planes may be counted multiple times (but at most 3
times), introducing imprecision in the error

But this is very e� cient:

only one 4 � 4 matrix required to track a plane set

cost of updating the approximation: one matrix addition
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Which contraction target?

A simple (non-optimal) scheme: select v0 =

v1

v2

(v1 + v2)=2

depending on which one produces the lowest value � (v0)

(with � (v0) = v0T (Q0)v0, and Q0 = Q1 + Q2)
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The optimal contraction target

! but since the error function is quadratic, � ndings its minimum
is only a linear problem!

expand out v0T (Q0)v0

take partial derivatives � � =� x, � � =� y, and � � =� z
and solve for 0

this is equivalent to solving:
0

B
B
@

q11 q12 q13 q14

q12 q22 q23 q24

q13 q23 q33 q34

0 0 0 1

1

C
C
A v0 =

0

B
B
@

0
0
0
1

1

C
C
A

home exercise: verify that this is true
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The optimal contraction target

this is equivalent to solving:
0

B
B
@

q11 q12 q13 q14

q12 q22 q23 q24

q13 q23 q33 q34

0 0 0 1

1

C
C
A v0 =

0

B
B
@

0
0
0
1

1

C
C
A

assuming the matrix is invertible:

v0 =

0

B
B
@

q11 q12 q13 q14

q12 q22 q23 q24

q13 q23 q33 q34

0 0 0 1

1

C
C
A

� 1 0

B
B
@

0
0
0
1

1

C
C
A

(if the matrix is not invertible, � nd v0 along the edge (v1; v2), if
this also fails, use the simple method)

3D Modelling Lecture 9: Simpli� cat ion and Level Of Detail

Int roduct ion
Case studies

Other methods

Triangle decimat ion
Progressive meshes
Using quadric error metrics

The quadratic error surface

level surfaces for an error � are shown: they nicely conform to the
local surface shape
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Results
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Evaluation

fast (200,000 faces down to 10 in 46 seconds, on a 195 MHz
SGI Indigo2)

works for arbit rary topology

considers geometry only (adding colour, for example, would
make the quadric error matrices much larger)

accumulating the quadric error by simply adding matrices is
not always good (esp. while \ aggregating")
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Other methods

vertex clustering

face clustering

surface resampling

simpli� cation envelopes

wavelet surfaces

...
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Vertex clustering

\ M ult i-Resolut ion 3D Approximations for Rendering Complex
Scenes" ,
J.R. Rossignac, P. Borrel, 1993
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Face clustering

\ Hierarchical Face Clustering on Polygonal Surfaces" ,
M. Garland, A. Willmott , and P. Heckbert, 2001
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Reading

from Watt & Policarpo: section 3.7 (pages 62-67)

from the paper
\ Surface Simpli�cat ion Using Quadric Error M etrics" ,
by Garland and Heckbert, 1997: sections 1 through 5
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