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Where we are

Surface reconstruction from point clouds

Problem statement
Given
A set X of unorganized sample points from an unknown surface M
Produce
A surface which approximates M

3D Modelling Lecture 8: Surface Reconstruct ion

Introduct ion
An example method

Results and Notes
Examples of other methods

Where we are

Example

3D Modelling Lecture 8: Surface Reconstruct ion

Introduct ion
An example method

Results and Notes
Examples of other methods

Where we are

Surface reconstruction from point clouds

Issues

reconstruction should cover a wide range of shapes

what is a su� cient sampling density?

how to deal with arbit rary topology

surface orientation (inside/o utside determination)

mesh simpli� cation

\ sharp features" (edges and corners)

continuity guarantees
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Surface reconstruction from unorganized points

Example method:
\ Surface Reconst ruct ion from Unorganized Points"
Hugues Hoppe et al., 1992.

one of the � rst papers in this area

describing a general method (so not speci� cally for range
scans, for example)

This paper is useful as an example because it uses many concepts
related to 3D shapes.
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Terminology from topology

The surface M is assumed to be a:

compact (� nite)

connected (all points on the surface are reachable)

orientable (t here's an inside and an outside)

two-dimensional (inherently 2D)

embedded in R3 (but 
o ating in 3-space)

manifold (all local neighbourhoods of points on the surface
can be deformed into a disk)

possibly with boundary (holes are possible)
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Terminology

Di� erent terminology for what we call triangular mesh:

A piecewise-linear surface with triangular faces

A simplicial surface: a complex of 2-simplices: triangles
connected with only whole edges as boundaries
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Surface reconstruction from point clouds

The test dataset (right) is sampled from a 3D model (left)
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Surface reconstruction from unorganized points

Method outline
1 de� ne a signed distance function f around the points
2 then � nd the zero set of f

2D cross-section:

3D Modelling Lecture 8: Surface Reconstruct ion



Int roduct ion
An example method

Results and Notes
Examples of other methods

Terminology and method out line
The tangent plane
The signed distance funct ion

The signed distance function

associate an oriented plane with each point

de� ne the value of f to be the distance to
the nearest oriented plane

2D cross-section:
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The oriented plane

The oriented plane will be a \t angent plane" , computed using
a set of k neighbouring points

these \t angent planes" are local linear approximations of the
data

simply combining these would lead to too complex a surface

instead, they are used to de� ne the distance function, from
which the surface will be extracted
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The tangent plane

the tangent plane is determined using points in the
neighbourhood of each xi

� rst, the k points nearest to xi are collected
then � nd the best �t t ing plane, which is the plane which
minimizes the sum of squared distances to all points in the set

2D cross-section:
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The tangent plane

the normal ni is the normal of this plane

the center oi is the centroid on the k points

2D cross-section:
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The tangent plane: PCA
The plane is determined using Principal Components Analysis: this
results in two vectors de� ning the best-�tti ng plane.

3D Modelling Lecture 8: Surface Reconstruct ion

Introduct ion
An example method

Results and Notes
Examples of other methods

Terminology and method out line
The tangent plane
The signed distance funct ion

The tangent plane: PCA
First normalize the points such that their centroid is the origin.
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The tangent plane: PCA
These are the two principal axes: projecting onto the plane
through these axes leaves the largest variability in the point set.
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The tangent plane: PCA
The projection onto this plane.
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The tangent plane

The tangent plane Tp(xi ) is de� ned by a center oi and a normal
vector ni (which is orthogonal to the � rst two principal axes)
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The tangent plane

The signed distance d of a point p 2 R3 is de� ned as
(p � oi ) � ni

this is the length of the projection of p onto the normal vector
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Consistent tangent plane orientation

Intuition: normals of nearby tangent planes should in general point
in the same direction.

suppose two data points xi and xj are geometrically close

when the data is dense and the surface is smooth, the normals
of their tangent planes should be nearly parallel:
ni � nj � � 1

if not, either ni or nj should be 
i pped

the resulting orientations should be globally consistent
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Consistent tangent plane orientation

We model this problem as a graph optimization problem:

the graph contains one node Ni per tangent plane Tp(xi )

the cost of an edge between Ni and Nj is set to ni � nj

the problem then becomes: select orientations such that the
total cost of the graph is maximized

this reduces to MAXCUT, which is NP-hard, so we need an
approximation algorithm
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Consistent tangent plane orientation

Approximation approach:
Traverse the graph, visiting each node, 
i pping orientations
whenever necessary.

But which nodes should we connect?

� rst create a Euclidean Minimum Spanning Tree
(guaranteeing all nodes are connected)

but: this graph is not dense enough

then add an edge (i ; j ) for each oi in the k-neighbourhood of
oj and vice versa
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Consistent tangent plane orientation

the Euclidean M inimum Spanning t ree
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Consistent tangent plane orientation

the graph after connecting centers in each other's
k-neighbourhood
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Consistent tangent plane orientation

pick an orientation for a starting point
then propagate this orientation through the graph

The propagation order is important: we want to avoid erroneous

i ps in \ ambiguous" areas:
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Consistent tangent plane orientation

To avoid erroneous 
 ips:

favour propagations when neighbouring tangent planes are
nearly parallel
another minimum spanning tree will determine the traversal
order:

assign to each edge (i ; j ) the cost 1 � jni � nj j, then � nd the
MST of the resulting graph

this tends to propagate orientation along directions of low
curvature (i.e. the least \ ambiguous" areas) thus avoiding
sharp edges
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Consistent tangent plane orientation
the MST determining traversal order:
brighter edges are harder to cross
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Consistent tangent plane orientation

For the init ial orientation, use the following heuristic:

� nd plane whose center has the largest z coordinate, and
force the plane to point towards the positive z-axis

then traverse tree in depth-� rst order
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Consistent tangent plane orientation
The orientend tangent planes: note again that a union of these
planes would not lead to a nice surface.
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The signed distance function

d = (p � oi ) � ni
(with oi the nearest tangent plane center, and ni this plane's normal)
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Dealing with noise and boundaries

Is th is a hole in the surface?
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Terminology: modelling noise

let X = x1; :::; xn be the sampled data points on or near the
unknown surface M
assume each xi = yi + ei ,
with yi 2 M and ei 2 R3 an error vector

\ � -noisy" :

if jei j � � for all i , then the sample is called \ � -noisy"
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Terminology: sampling density

let Y = y1; :::; yn be a noiseless sample of M
Y is � -dense if any sphere with radius � and center in M
contains at least one sample point in Y

a � -noisy sample X = x1; :::; xn is � -dense if there exists a
noiseless � -dense sample Y = y1; :::; yn such that xi = yi + ei ,
jei j � �
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Signed distance function, dealing with boundaries

The signed distance function: d = (p � oi ) � ni (f (p) in the paper)

let z be the projection of p onto the tangent plane, and X the
set of sample points

let d(z; X ) the distance between z and the closest point in X
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Signed distance function, dealing with boundaries

if there was no noise, then if d(z; X ) > � for a point z, then it
cannot be a point on M, and f (p) is unde� ned
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Signed distance function, dealing with boundaries

if there was no noise, then if d(z; X ) > � for a point z, then it
cannot be a point on M, and f (p) is unde� ned

if there is noise, this changes to: if d(z; X ) > � + �
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Signed distance function

Which points p to try?
Answer: (almost) all of them

sample the signed distance
function in a 3D grid

only visit the cubes that
intersect the zero set

extract isosurface (surface
where f = 0) using the
\ marching cubes" algorithm

(the image shows line segments between the query points p and their
project ions z)
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Resulting surface

it may contain triangles with a poor aspect ratio
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Resulting surface, post-processing

post-processing: collapse edges using an aspect ratio criterion,
depending on:

edge length, and
the radii of the minimum inscribed circles of its two adjacent
faces
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Resulting surface
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Another result
(reconstructed from a cylindrical range scan)
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If we have more information...

if the point data is obtained from range images, then more
information is known about the surface orientation:
! each data point was visible from a certain viewing direction
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A sampling of other reconstruction methods
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Other surface reconstruction methods

tetrahedra removal

alpha shapes

graph-based surface reconstruction

Voronoi diagram based

�tti ng spline patches

alpha shapes and �tti ng spline patches

implicit function �tti ng

For more detail on � t t ing spline patches: see the \ Patches II" lecture notes.
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Terminology: convex and concave

A polygon is convex if it contains the line segment between any
pair of its points
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Terminology: convex hull
A convex hull of a 2D point set is the smallest convex polygon
containing all the points in the set

imagine \ painting" the outside of the point set with a
halfplane, which cannot pass through any point
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Terminology: triangulation
Delaunay t riangulat ion: every circumcircle of a triangle does not
contain any other points
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3D triangulation
A 3D triangulation generates tet rahedra instead of triangles

http://www.cse.unsw.edu . au/ ~ lambert/java/3d/delaunay.html
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Tetrahedra removal

\ Geometric Structu res
for Three-Dimensional Shape Representat ion"

Jean-Daniel Boissonnat
1984
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Tetrahedra removal

compute 3D Delaunay triangulation (t etrahedralization),
which will be the convex hull of the point set
remove tetrahedra (while obeying certain rules) unti l all points
are on the boundary

Boissonnat , 1984
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Alpha shapes

\ Three-dimensional Alpha Shapes"

Herbert Edelsbrunner, Ernst P. M•ucke
1994
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Alpha shapes

start with the convex hull of the point set

remove parts using an \ eraser circle" of radius �

Herbert Edelsbrunner, 1994
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Alpha shapes

the radius � controls the resulting shape

Herbert Edelsbrunner, 1994
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Alpha shapes, 3D example

Herbert Edelsbrunner, 1994
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Alpha shapes, 3D example

Herbert Edelsbrunner, 1994
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Graph-based surface reconstruction

\ Graph-based Surface Reconst ruct ion
using Structu re in Scat tered Point Sets"

Robert Mencl, Heinrich M•uller
1997
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Graph-based surface reconstruction

starting from the Euclidean Minimum Spanning Tree
extend leaves, recognize features
connect similar features, etc. etc.
�l l wireframe with triangles

Mencl and M•uller, 1997
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Graph-based surface reconstruction

\i ncremental surface oriented construction"
all based on heuristics, unclear how this method will perform
on arbit rary shapes

Mencl and M•uller, 1997
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Voronoi diagram based

\ A New Voronoi-based Surface Reconst ruct ion Algorithm"

Nina Amenta, Marshall Bern, Manolis Karnvysselis
1998
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Terminology: Voronoi diagram
a 2D Voronoi diagram is a spatial subdivision into convex
polygons, one for each point, such that each polygon contains
exactly those points that are closer to its point

http://www.pi6.fernuni- hagen.de/GeomLab/VoroGlide/index.html.en
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Voronoi diagram based

based on 3D Voronoi diagram
� rst algorithm with proven convergence given a \g ood enough
sample" (intuit ively, sample points on part of the surface should be

closer to each other than to samples \ on the other side" )

requires dense sampling only near small features
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Voronoi diagram based

An edge e belongs to the surface if e has a circumcircle empty
of all other sample points, and also of all Voronoi vertices of S
(with S the set of sample points)

circumcircles of edges between non-adjacent samples include
either another sample point, or a Voronoi vertex

Given a dense enough sample, the Voronoi vertices
approximate the medial axis (t he \ axis of local symmetry" ,
those points that are equidistant to at least two points on the
surface)
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Voronoi diagram based

Algorithm (for 2D point sets):

compute the Voronoi diagram of S, let V be the set of
Voronoi vertices

compute the Delaunay triangulation of S [ V

the surface consists of the Delaunay edges between points of S
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Fitting spline patches

\ Automatic Reconst ruct ion of B-Spline Surfaces
of Arbit rary Topological Type"

Matt hias Eck, Hugues Hoppe
1996
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Fitting spline patches

point set ! generate mesh ! base parameterization

Eck and Hoppe, 1996
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Fitting spline patches

quad parameterization ! B-spline �t t ing ! adaptive re� nement

Eck and Hoppe, 1996
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Tetrahedra removal and patch � tting

\ Reconst ruct ing Funct ions and Funct ions on Surfaces
from Unorganized Three-Dimensional Data"

C.L. Bajaj, F. Bernardini. G. Xu
1997
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Tetrahedra removal and patch � tting

create the � -shape (using a 3D triangulation)

compute a signed distance function based on the � -shape

for each tetrahedron intersecting the surface, compute an
approximate patch

Bajaj 1997
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Reading

from the paper
\ Surface Reconst ruct ion from Unorganized Points"
by Hugues Hoppe et al.:

Abstract

section 1: Introduction

section 3: A Description of the Algorithm
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